
GEO5/6670 Inverse Theory       Assignment I                   Due: 26 Mar 2021 
 
In this assignment we will apply some of the 
tools we’ve learned thus far to a real problem, 
using real data and matlab. 
 
A file has been placed on the course website 
called A0_Qs_scatter.xy.  The file contains: 
 
• In column 1, estimates of surface radioactive 
heat production (µW m-3) from averaged 
radioactive U, Th and K element 
concentrations. The black dots in the plot at 
right are pixel centers over which 
measurements of radioactive element 
concentration were averaged. (Away from the 
dots the values shown are interpolations that 
are not included in the file.) The radioactive 
element concentrations are taken from 
airborne radioactivity (spectral gamma) 
measurements compiled by Bob Kucks at the 
USGS.  
 
• In column 2, surface heat flow (mW m-2) 
data are interpolated from borehole 
measurements. A plot of these values is given 
at right; the locations of the actual 
measurement sites are black dots. The data 
were taken from a combination of several 
compilations including Dave Blackwell’s 
North American surface heat flow database at 
SMU, and the global compilation maintained 
by Will Gosnold at UND. 
 
• Column 3 is the standard deviation of each interpolated surface heat flow measurement 
(estimated from geostatistical analysis; this used so-called “optimal interpolation” or 
“kriging” which provides an estimate of uncertainty). 
 
Heat flow at the surface is a combination of heat flow from the mantle, Qm, plus the 
radiogenic heat production in the lithospheric column (though it is often perturbed by other 
processes such as advection by hydrology, magmatism, strain, erosion, and deposition). 
Estimating the geotherm at depth requires knowing how much of the heat is contributed 
by crustal versus deep mantle heat production. Radioactive elements are thought to be 
concentrated near the surface by magmatic fractionation processes and generally 
decrease with depth. If we approximate the depth distribution of heat production as A = 
A0 exp(–z/lrad), where A0 is heat production at the surface and lrad is a length parameter 



describing the decrease in heat production with depth, then surface heat flow Qs should 
take the form Qs = Qm + A0lrad.  
 
For this assignment you will write several matlab scripts to invert for Qm, lrad and their 
uncertainties from the data. 
 
1. First write a matlab (*.m) script to do the inversion using ordinary least squares. (Be 
sure to think about units! Use mks for simplicity.) Your script should load the data file and 
use it to estimate Qm, lrad, and the model parameter uncertainties using two different 
approaches: (a) assume the measurement variance is known a priori and is equal to the 
mean of the variance, s 2, values implied from column 3 of the data file; and (b) assume 
measurement error is unknown and estimate it from the model fit. Also, estimate the c2 
parameter assuming known measurement error as above. Finally, look at the model 
parameter correlation matrix. Your matlab script should print all of the results to the screen 
in a clear, well-labeled fashion. What do you think these estimates tell us about the 
modeling problem and the uncertainties in model parameters? 
 
2. Now do the same inversion exercise using weighted least squares. Note that you can’t 
solve for parameter uncertainties now assuming measurement error is unknown (part (b) 
in 1.), but you CAN do part (a) and estimate the c2 parameter. How did the model 
parameters, model uncertainties, c2 parameter and covariance matrix change when 
variable measurement error was incorporated? 
 
3. Write a matlab script to plot (in a simple scatter-plot) QS on the y-axis and A0 on the x-
axis. (Plot the data as small red dots, and your best-fit models as blue and green lines 
respectively). Do you find the result at all surprising? Does it alter your interpretations of 
parts 1. and 2. in any way? 
 
4. Now use matlab to create a contour plot of the weighted least squares error norm E as 
a function of model parameters m1 = Qm and m2 = lrad for a grid of forward models of the 
problem. Do the results follow the expected (hyperelliptical) geometry of a linear least 
squares problem? Compare your earlier estimates of parameter uncertainties with 
parameter uncertainties derived from 1s and 2s confidence intervals, using the Likelihood 
Ratio Method.  Are they consistent? Now, use the model parameter length approach to 
derive the same confidence intervals. Are they the same contours? 
 
You should send me (as separate email attachments) your matlab script(s), the 
associated plots from parts 3. and 4., and a .docx or .pdf file discussing your answers to 
each of the discussion questions shown in red above by classtime on Friday, March 26. 


