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Abstract. The paper compares three methods of calculating the bending
angles of radio waves propagated from space to a ground-based receiver:
(1) from refractivity climatology corrected for refractivity at the receiving
antenna, (2) from radiosonde refractivity profiles, and (3) from the refractivity
at the antenna and the measured Doppler frequency shift of the GPS signals.
The methods are tested with the use of radiosonde and GPS observations
collocated in space and in time. We analyzed seven cases during October-
November 1999 where GPS satellites were observed to below 0.5° elevation
from Point Loma, California, and which coincided closely in time with
radiosonde launches from the nearby Miramar station. In all cases the
bending angles calculated from Doppler and from radiosondes agree fairly
well at all elevations, but in a number of cases both differ significantly at

low elevations from the bending angles calculated from climatology corrected
for the refractivity at the antenna. Thus GPS has the potential of being

used for the correction of radar observations at low elevations instead of (or
complementary to) radiosondes. The differences between the bending angles
calculated from climatology corrected for the refractivity at the antenna

and those calculated from the Doppler frequency shift indicate anomalies in
the refractivity profile in the lower troposphere and can thus be used as an

indicator of ducting conditions.

1. Introduction

The Global Positioning System (GPS), originally de-
signed for precise timing and ranging, has found a wide
range of applications in geodesy [Herring, 1996; Dizon,
1991] and meteorology [Bevis et al., 1992; Businger
et al., 1996; Ware et al., 1997]. In the radio occul-
tation applications the excess phase delay between a
GPS transmitter and receiver in space, induced by the
Earth’s atmosphere and ionosphere, is measured and
used to solve the inverse problem of reconstructing pro-
files of atmospheric refractivity [Melbourne, et al., 1994;
Kursinski et al., 1997; Rocken et al., 1997]. In geodetic
applications the observations must be corrected for the
excess atmospheric phase delay which has to be mod-
eled [Herring, 1996]. The excess phase delay as a func-
tion of time, i.e., Doppler frequency shift, is related to

the arrival angle of radio waves. This has been rou-
tinely used in radio occultation data processing, where
the bending angle as a function of impact parameter is
calculated from the Doppler frequency shift of the radio
signal and is then used for the reconstruction of refrac-
tivity as a function of altitude [Fjeldbo et al., 1971].
The inverse problem of the reconstruction of refractiv-
ity profiles from radio signals received at the Earth’s
surface at positive elevation angles had been considered
for a long time [Kolosov and Pavel’yev, 1982]. However,
this problem is known to be ill conditioned and requires
limiting the space of solutions in order to obtain feasible
results [Gaikovich and Sumin, 1986; Gaikovich, 1992].
The reconstruction of bending angles from the Doppler
frequency shift is an intermediate step in the recon-
struction of refractivity, which is fairly well conditioned
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(except at zero ray elevation at a receiver).

Bending angles can be estimated by a number of
methods without GPS. Bending angles may be di-
rectly calculated with the use of (1) refractivity pro-
files derived from climatology, corrected for the refrac-
tivity measured at the receiving antenna, (2) refractiv-
ity profiles obtained from radiosondes, and (3) three-
dimensional (3-D) refractivity fields obtained from nu-
merical weather prediction (NWP) models. Method 1
can provide accurate results at elevations >5°, where
the section of the ray inside the neutral atmosphere
(where most of bending is accumulated) is much shorter
than the Earth’s radius. Under those conditions,
sphericity of the atmosphere does not play a signifi-
cant role, and the bending angle depends mainly on
the refractivity at the receiving antenna, as in the case
of a plain atmosphere [Born and Wolf, 1964]. At low
elevations, where sphericity is not negligible, the bend-
ing angle depends on the whole refractivity profile, and
the use of a radiosonde profile (method 2) provides bet-
ter results than method 1. We note that the results of
method 1 at low elevations depend on interpolation of
refractivity between the surface value and climatology
at higher altitudes. The optimal interpolation, which
takes into account vertical correlation of refractivity in
the lower troposphere for a given observational site, can
provide best results in a statistical sense [Gandin, 1963].
However, all of the interpolation techniques may cause
large errors under some unusual meteorological condi-
tions. Both methods 1 and 2 assume the spherical sym-
metry of refractivity, while method 3 does not. It is
difficult to determine whether method 3 is preferable
to method 2 without accurate numerical simulations.
Although method 3 has the advantage of accounting
for horizontal gradients in refractivity, method 2, being
an in situ observation, may better reproduce the verti-
cal structure in refractivity which primarily affects the
bending of radio waves at low elevations.

Calculation of bending angles from the Doppler fre-
quency shift of the received GPS signals has the advan-
tage of being a remote sensing technique which does not
require the launching of radiosondes. Moreover, it can
provide data almost continuously in time and at dif-
ferent azimuths, because the 24 GPS satellites rise 48
times and set 48 times per day at any location world-
wide.

In this paper we consider the calculation of bending
angles from the refractivity profile and from Doppler
frequency shift of a received radio signal when the posi-
tion and velocity of the transmitter are precisely known
(GPS). Using radiosonde observations and GPS mea-

surements that are collocated in space and in time and
comparing the results, we find that in all cases the bend-
ing angles calculated from the radiosonde refractivity
profile and from the GPS Doppler frequency shift are
in good agreement. On the other hand, in a number
of cases the bending angles calculated using the refrac-
tivity derived from climatology, corrected for the re-
fractivity at the receiving antenna, differ significantly
from both bending angles calculated from radiosondes
and from Doppler at elevations _<5°. This indicates
that GPS may be used for estimation of the bending
angles of radio waves at low elevations instead of (or
complementary to) radiosondes. The estimated bend-
ing angles can be used directly for the correction of
the elevation angles of objects detected by radars when
tracking those objects in space or at high enough al-
titudes. The difference between the bending angles at
low elevations calculated from the Doppler frequency
shift and from refractivity climatology corrected for the
refractivity at the antenna can indicate anomalies in
the refractivity profile in the lower troposphere; in par-
ticular, these differences may indicate the presence of
atmospheric ducting conditions.

2. Calculation of Bending Angles From
Refractivity Profile

Under the assumption of spherical symmetry of the
refractivity the bending angle may be calculated by us-
ing Snell’s law. The geometry of a ray, with all nota-
tions that will be used in this paper, is shown in Figure
1. Points 1 and 2 correspond to the receiver and trans-
mitter, respectively. The center of sphericity is assumed
to be at the center of local curvature of the Earth’s ref-
erence ellipsoid at point 1. In the spherically symmetric
case a ray is a plane curve, and its bending angle be-
tween any two points, e.g., points 1 and 2, is equal to

dl
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where dl = \/dr? + r2d#* is the differential of length
and R, is the local curvature radius of the ray. With
the use of the expression for R, in polar coordinates,
Re = (r2 +1r2)3/2)(r2 4+ 2" — "), where ' = dr/d#,
and with the use of the Snell’s law [Born and Wolf,
1964],

7“271

R /7.2 + 7"/2
where n is a refractive index and a is an impact param-
eter of the ray, the bending angle may be represented

=rnsing = a (2)
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Figure 1. Geometry of a ray. Point 1 is a receiver.
Point 2 is a transmitter or an arbitrary point on the
ray. Point 0 is the center of curvature of the Earth
reference ellipsoid under the receiver.

in the form
2 dn/dr 2 dm/dx

mn nVr2n2 — a? z V12— a?

where x = rn(r) is a refractional radius and m(z)
In [n(x)]. Refractivity N = 10%(n — 1) is a function
of pressure P(mbar), temperature T'(°K), and partial
pressure of water vapor P, (mbar) [Bean and Dutton,
1968]

dz ,
(3

a=—a dr = —a
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Py,

Sﬁ : (4)
We use P,T, and P, as discrete functions of altitude
z either from radiosondes or from climatological mod-
els. In this paper we use the version of the COSPAR
International Reference Atmosphere which includes hu-
midity, CIRA+Q [Kirchengast et al., 1999]. We assume
r =r.+ z, where r, is the local curvature radius of the
reference ellipsoid at the receiver site. We interpolate
the discrete function N; = N(r;) onto a denser grid with
increment Ar, using either log-linear or log-spline inter-
polation, depending on the resolution of the data used
(insufficient resolution of radiosonde data may cause ar-
tifacts when applying spline). The increment Ar = 20
m allows for calculation of a(a) using (3) with an accu-
racy of ~1078 rad for a CIRA+Q refractivity profile.

According to definition (1) the bending angle « does
not depend on ro when 75 is outside the atmosphere, i.e.,
n(re) = 1. In practice, however (e.g., when correcting
the elevation angle of an object detected by a radar),

N = 77.6; +3.73 x 10~
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Figure 2. (a) Refractivity profiles having the same
value at the surface. (b) Corresponding bending angle
profiles.

it may be necessary to estimate the difference between
the elevation angle of a ray arriving at the receiver,
B = m/2— ¢4, and the elevation angle (3, of the straight
line between the receiver and an arbitrary point 2 on
the ray where n(rq) = 1, given the bending angle .
The difference AB = 38—, depends on 72 (it is strictly
equal to « only when 2 = 00). Given «, ¢4, 71, and ra,
the central angle 6 between points 1 and 2 is equal to

0= by — 65+ =y — avesin [run(r1) sin /ra] + .
)

Then the straight line elevation angle 3, is

T2C0S9T1>
)

79 8in 6

B = arctan ( (6)
and this allows us to calculate AB. When rg is not
known but the distance | between ry and 79 is known,
then ro and 6, which are necessary to calculate (3, by
(6), may be obtained by concurrent solution of (5) and
of the equation

2= r% + r% — 2ryrocosé . (7)

Equations (5) and (7) may be solved by use of an it-
erative method (which is computationally inexpensive).

Figure 2 shows examples of two refractivity profiles
N(z) which have the same value of N(ry) (Figure 2a)
and the calculated profiles «(8) for o = 26,600 km
(Figure 2b). As seen, the difference in bending angles
is significant at low elevations, and it decreases to zero
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at higher elevations, where the bending angle depends
mainly on N (7).

3. Calculation of Bending Angles From
Doppler Frequency Shift

The relation of the bending angle of radio waves to
the Doppler frequency shift (derived in different ways) is
given, e.g., by Kolosov and Pavel’yev [1982], Gaikovich
[1992], and Vorob’ev and Krasil'nikova [1994]. The
bending angle is calculated in the reference frame where
the refractive medium (the atmosphere) is at rest. The
Doppler frequency shift of the signal is related to the
projections of the velocity vectors of the transmitter

and receiver onto the directions of the wave propagation
(normal to wave fronts). In the case of a ground-based
receiver its velocity is equal to zero. Then the Doppler
frequency shift of the received signal, fy, under the as-
sumption of spherical symmetry of refractivity is equal
to

fa=—fvac™  cos (v = ¢y) , (8)
where f is the carrier frequency, ¢ is light velocity in
vacuum, and « is the angle between the vertical direc-
tion at the receiver and the projection of the receiver
velocity vector va on the ray plane (as shown in Fig-
ure 1). Equation (8) allows us to calculate ¢, from the
measured fy,

¢y =y — arccos (—fac/fuva) . (9)

The angle ¢, which is also necessary for calculating the
bending angle, can be obtained from Snell’s law (2),

¢, = arcsin [rg sin ¢y /rin(ry)] . (10)
Then the bending angle « is equal to

a=0—¢
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